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LPSRUWDQWDSSOLFDWLRQVRIUHFRPPHQGHUV\VWHPVLQOHDUQLQJHQYLURQPHQWVLVPDWHULDOVUHFRPPHQGDWLRQ56V
XVH RSLQLRQV RI D FRPPXQLW\ RI XVHUV WR KHOS LQGLYLGXDOV LGHQWLI\ PDWHULDO RI LQWHUHVW IURP D SRWHQWLDOO\
RYHUZKHOPLQJ VHW RI FKRLFHV PRUH HIIHFWLYHO\ %\ XVLQJ PDWHULDO 56V LQ OHDUQLQJ HQYLURQPHQWV ZH FDQ
DGGUHVVWZRSUREOHPVSHUVRQDOL]DWLRQDQGLQIRUPDWLRQRYHUORDG,QWKLVVLWXDWLRQUHFRPPHQGHUV\VWHPRIIHUV
ZKLFKOHDUQLQJREMHFWVVKRXOGOHDUQHUVVWXG\QH[W.ODVQMD0LOLFHYLFHWDO
5HFRPPHQGHUV\VWHPVWKDWKDYHEHHQGHSOR\HGXVXDOO\LQHFRPPHUFHHQWLWLHVIRUH[SUHVVLQJFXVWRPHU¶V
LQWHUHVWVXVHWKUHHVWUDWHJLHVIRUUHFRPPHQGDWLRQLQFOXGLQJFRQWHQWEDVHG.KULELHWDOFROODERUDWLYH
ILOWHULQJ/LXDQG6KLK5RPHURHWDO/XRHWDODQGK\EULGUHFRPPHQGDWLRQ*DUFtDHW
DO:KLOHWKHUHFRPPHQGHUV\VWHPDOJRULWKPVWU\WRDGGUHVVLQIRUPDWLRQRYHUORDGDQGSHUVRQDOL]DWLRQ
SUREOHP ZLWK JURZLQJ QXPEHUV RI H[LVWLQJ XVHUV DQGPDWHULDOV WUHPHQGRXVO\ WKHVH DOJRULWKPV ZLOO VXIIHU
VHULRXV VFDODELOLW\ DQG VSDUVLW\ SUREOHPV ,Q DGGLWLRQPRVW RI WKHVH DOJRULWKPV GRQ¶W FRQVLGHU DWWULEXWHV RI
PDWHULDOV WKDW FDQDGGUHVV WKHVHSUREOHPV:HFDQFRQVLGHU WZRJURXSVRIDWWULEXWHV H[SOLFLW DWWULEXWHVDQG
LPSOLFLW ODWHQW DWWULEXWHV IRU OHDUQHU DQG OHDUQLQJ PDWHULDO ([SOLFLW DWWULEXWHV DUH NQRZQ VXFK DV VXEMHFW
HGXFDWLRQW\SHIRUOHDUQLQJPDWHULDOEXWLPSOLFLWDWWULEXWHVWKDWDUHODWHQWFDQEHFDQEHLQIHUUHGE\KLVWRULFDO
UDWLQJ 6RPH UHVHDUFKHV WULHG WR XVH WKHVH WZR W\SHV RI DWWULEXWH IRU UHFRPPHQGDWLRQ VLPXOWDQHRXVO\ E\
FRPELQLQJ DWWULEXWHV IHDWXUH RI XVHUV RU PDWHULDOV ZLWK KLVWRULFDO UDWLQJ 5RELQ  UHYLHZHG VHYHUDO
K\EULGUHFRPPHQGHUPHWKRGVGHYHORSHGWRFRPELQHWKHH[WHUQDOIHDWXUHVDQGKLVWRULFDOUDWLQJGDWDIRUKLJKHU
SUHGLFDWLRQDFFXUDF\$FFRUGLQJ WR WKHH[SHULPHQW UHVXOWV UHSRUWHG LW LVEHOLHYHG WKDWERWK IHDWXUHVDQG WKH
KLVWRULFDOUDWLQJVKDYHJUHDWYDOXHVWRHVWLPDWHWKHSUHGLFDWLRQIXQFWLRQIRUUHFRPPHQGDWLRQ
,Q RUGHU WR JHQHUDWH UHFRPPHQGDWLRQV ZLWK KLJKHU DFFXUDF\ DQG DGGUHVV VRPH SUREOHPV LQ H[LVWLQJ
UHFRPPHQGHU V\VWHPDOJRULWKPV VXFK DV VSDUVLW\ WKLV UHVHDUFKXVHV LPSOLFLW DWWULEXWHVRI XVHU DQG LWHP IRU
UHFRPPHQGDWLRQ*HQHWLFDOJRULWKPLVXVHGIRUH[WUDFWLQJLPSOLFLWDWWULEXWHVRIOHDQHUIURPKLVWRULFDOUDWLQJLQ
WKHVKDSHRIZHLJKWYHFWRUV7KHQ11$SURGXFHVUHFRPPHQGDWLRQVE\WKHSURGXFHGDWWULEXWHVZHLJKWYHFWRUV
7KH PDLQ FRQWULEXWLRQ RI WKLV SDSHU LV LPSURYLQJ WKH TXDOLW\ RI UHFRPPHQGDWLRQ DQG DGGUHVVLQJ VSDUVLW\
SUREOHPXVLQJH[SOLFLWDWWULEXWHV5HVWRIWKLVSDSHULVRUJDQL]HGDVIROORZV0HWKRGRORJ\6HFWLRQLQWURGXFHV
GHVFULEHV WKH SURSRVHG PHFKDQLVP VWHS E\ VWHS ([SHULPHQW VHFWLRQ DSSOLHV WKH SURSRVHG DOJRULWKP IRU D
GDWDVHWVWRHYDOXDWHWKHSHUIRUPDQFH)LQDOO\&RQFOXVLRQVHFWLRQSURYLGHVWKHFRQFOXGLQJUHPDUNV
0HWKRGRORJ\
,QWKHSURSRVHGPHFKDQLVPLVSUHVHQWHGLQWKLVVHFWLRQVWHSE\VWHS
,PSOLFLWDWWULEXWHV
/HDUQLQJ PDWHULDOV XVXDOO\ KDYH VHYHUDO NLQGV RI DWWULEXWHV 7KHUHIRUH LQ RUGHU WR FRQVLGHU OHDUQHU¶V
SUHIHUHQFHDFFXUDWHO\DWWULEXWHVRIOHDUQLQJPDWHULDOVVKRXOGEHWDNHQLQWRDFFRXQWDVPXFKDVSRVVLEOH6LQFH
WKHUDWLQJVGHSHQGRQWKHDWWULEXWHVRIOHDUQHUVDQGOHDUQLQJPDWHULDOVWKHUDWLQJIXQFWLRQFRXOGEHGHQRWHGDV
 ,80ϕ 0 LVDSUHGLFWLRQPRGHO OHDUQHGIURPWKHKLVWRULFDO UDWLQJGDWD+8 DQG , DUHDWWULEXWHVRI WKH
OHDUQHUVDQGOHDUQLQJPDWHULDOVUHVSHFWLYHO\8QIRUWXQDWHO\LQPRVWFDVHVZHFDQ¶WXVHWKHPHQWLRQHGPRGHO
%HFDXVH WKH VHOHFWLRQ RI VXLWDEOH DWWULEXWHV IRU WKH OHDUQHU DQG PDWHULDO LQ D &) SUREOHP LV DQ DOPRVW
LPSRVVLEOHPLVVLRQZKLFKQHHGVD ORWRISULRU H[SHUWNQRZOHGJH LQ WKHDUW ILHOGV UDWKHU WKDQ WHFKQRORJ\ LQ
PRVWFDVHV=KRQJDQG/L+RZHYHUZHFDQXVHWKHKLVWRULFDOUDWLQJGDWDLQDXVHUPDWHULDOPDWUL[IRU
GLVFRYHULQJ VRPH RI YDOXDEOH DWWULEXWHV RI OHDUQHU DQG OHDUQLQJ PDWHULDO WKDW DUH FDOOHG LPSOLFLW DWWULEXWHV
UHIOHFWHGFKDUDFWHULVWLFVRIOHDUQLQJPDWHULDODQGOHDUQHU7KXVZHFDQXVHWKHSUHGLFDWLRQPRGHOVEXLOWEDVHG
RQWKHREVHUYHGDWWULEXWHVDQGODWHQWRULPSOLFLWDWWULEXWHV WRLPSURYHUHFRPPHQGDWLRQSURFHVVIRUDFTXLULQJ
WKH KLJKHU SUHGLFWLRQ DFFXUDF\ =KRQJ DQG /L  ,Q WKLV VHFWLRQ JHQHWLF DOJRULWKP LV XVHG WR ILQG WKH
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UHODWLRQVKLSEHWZHHQWKHRYHUDOOUDWLQJDQGWKHXQGHUO\LQJLPSOLFLWDWWULEXWHZHLJKWYHFWRUIRUHDFKOHDUQHU
,PSOLFLW$WWULEXWHRSWLPL]DWLRQ
7KH *$ PLPLFV WKH SURFHVV RI QDWXUDO HYROXWLRQ E\ FRPELQLQJ WKH VXUYLYDO RI WKH ILWWHVW DPRQJ VROXWLRQ
VWUXFWXUHV ZLWK D VWUXFWXUHG \HW UDQGRPL]HG LQIRUPDWLRQ H[FKDQJH DQG FUHDWHV RIIVSULQJ 6DOHKL DQG
7DYDNNROL0RJKDGGDP,QWKHIROORZLQJRIWKLVVHFWLRQZHGHVFULEH*$SURFHVVVWHSE\VWHS
&RGLQJ ,Q WKLVVWXG\HDFKFKURPRVRPHWKDWKDVEHHQVKRZQLQWKH)LJUHSUHVHQWV WKHLPSOLFLWDWWULEXWHV
ZHLJKWV IRU XVHUV DQG PDWHULDOV ZKHUH   L.LLL ZZZZ = DQG   L.LLL HHHH = LQGLFDWH DWWULEXWHV
ZHLJKWYHFWRUIRUXVHULDQGPDWHULDOLWKDW.LVQXPEHURIGHILQHGLPSOLFLWDWWULEXWHVDQG 
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)LJ5HSUHVHQWDWLRQRIDWWULEXWHVZHLJKWYHFWRUVLQDFKURPRVRPH
7ZR PDWUL[HV RI DWWULEXWHV ZHLJKW  718 ZZZ:  = DQG
7
0, HHH:  = WKDW LQGLFDWH DWWULEXWHV
ZHLJKW YHFWRUV IRU1 XVHUV DQG0PDWHULDOV UHVSHFWLYHO\ EHFRPH WKH RSWLPL]LQJ WDUJHWV ,WV LQLWLDO VROXWLRQ
FRXOGEHVRPHUDQGRPYDOXHVJDLQHGE\DQRIIOLQHSURFHVV
)LWQHVV IXQFWLRQ:KHQ LQGLYLGXDO LV DSSOLHG WR JHQHUDWH UHFRPPHQGDWLRQ¶V UHVXOWV WKH VLPLODULW\ EHWZHHQ
ILQDO IRUHFDVWLQJ UHVXOWVZLWK WKH DFWXDO UDWLQJ YDOXHV FDQ H[SUHVV LWV IRUHFDVWLQJ DFFXUDF\ ,W¶V WKH EDVLV RI
ILWQHVV6RWKHDFFXUDF\IXQFWLRQLVGHILQHGDVIROORZV
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:KHUH LMU LVDFWXDOUDWLQJRIPDWHULDOME\XVHUL LNZ DQG MNH DUHZHLJKWRIDWWULEXWHNIRUXVHUDQG
PDWHULDOUHVSHFWLYHO\DQG L0 LVQXPEHURIUDWHGPDWHULDOVE\XVHUL:KHQ  ,8 ::I LVORZHUWKHIRUHFDVWLQJ
DFFXUDF\ZRXOGEHKLJKHU
6HOHFWLRQRSHUDWLRQ$SUREDELOLVWLFVHOHFWLRQLVSHUIRUPHGEDVHGXSRQWKHLQGLYLGXDO¶VILWQHVVVXFKWKDW WKH
EHWWHULQGLYLGXDOVKDYHDQLQFUHDVHGFKDQFHRIEHLQJVHOHFWHG+HUHWKHXQLYHUVDOVDPSOLQJPHWKRGLVDGRSWHG
IRUVHOHFWLQJWKHJRRGVWULQJVDQGWKHSUREDELOLW\RIVHOHFWLQJHDFKVWULQJLVFDOFXODWHGE\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
:KHUH ::I ,8F  GHQRWHVWKHYDOXHRIILWQHVVIXQFWLRQIRUFKURPRVRPHF36LVQXPEHURILQGLYLGXDOVLQWKH
SRSXODWLRQRUSRSXODWLRQVL]HDQG ::S ,8F  GHQRWHVWKHSUREDELOLW\RIVHOHFWLQJFKURPRVRPHF
&URVVRYHUDQGPXWDWLRQRSHUDWLRQ ,Q WKLVZRUN RQHSRLQW FURVVRYHU LV XVHG WR SURGXFH RIIVSULQJ 6LQJOH
FURVVRYHUSRLQWRQERWKSDUHQWV
VWULQJVLVVHOHFWHGUDQGRPO\0XWDWLRQRSHUDWRUPDNHVUDQGRPFKDQJHVLQRQH
RUPRUHHOHPHQWVRIWKHVWULQJ$FFRUGLQJWRPXWDWLRQUDWHUDQGRPO\VHOHFWLQJVRPHHOHPHQWVRILQGLYLGXDO
DQGFKDQJLQJLWVYDOXHQHZLQGLYLGXDOFDQEHJDLQHG
5DWLQJSUHGLFWLRQ
$IWHU LPSOLFLW DWWULEXWH ZHLJKW RSWLPL]DWLRQ VLPLODULW\ GHJUHH EHWZHHQ OHDUQHUV E\ LPSOLFLW DWWULEXWH EDVHG
,$%FDQEHFDOFXODWHGE\IROORZLQJIRUPXODWKDWLVFRVLQHVLPLODULW\
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7KHSUHGLFDWLRQUDWLQJRIOHDUQLQJPDWHULDOLE\ D8 XVLQJLPSOLFLWDWWULEXWHEDVHGPHWKRGLV  L83 D,$% WKDW
LVJDLQHGE\WKHUDWLQJRI D8 QHLJKERXUKRRG  D,$% 81 WKDWKDYHUDWHGLEHIRUH7KHFRPSXWDWLRQIRUPXODLV
DVWKHIROORZV
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:KHUH D85 DQG M85 DYHUDJHUDWLQJRIOHDUQLQJPDWHULDOVUDWHGE\DFWLYHOHDUQHU D8 DQG M8 UHVSHFWLYHO\DQG
 MD,$% 88VLP LVWKHVLPLODULW\EHWZHHQDFWLYHOHDUQHU D8 DQG M8 WKDWLVDPHPEHURI  D,$% 81 
([SHULPHQWV
7KHHIIHFWLYHQHVVRISURSRVHGDSSURDFKLQWHUPVRIUHFRPPHQGDWLRQTXDOLW\LVLQYHVWLJDWHGDVIROORZV
(YDOXDWLRQPHWULFVDQG'DWDVHW
,QRUGHUWRFKHFNWKHSHUIRUPDQFHRIWKHSURSRVHGDOJRULWKPDUHDOZRUOGGDWDVHWLVDSSOLHGLQRXUVLPXODWLRQV
0$&(GDWDVHW WKDW LV SDQ(XURSHDQ LQLWLDWLYH WR LQWHUFRQQHFW DQG GLVVHPLQDWH GLJLWDO LQIRUPDWLRQ DERXW
DUFKLWHFWXUHLVXVHGIRUH[SHULPHQW7KLVGDWDVHW LV LVVXHGIURP0$&(SURMHFW WKDW LVGRQH IURP6HSWHPEHU
WR6HSWHPEHU7KLVGDWDVHWFRQWDLQVOHDUQHUVDQGPDWHULDOV
5HFDOODQGSUHFLVLRQKDYHEHHQXVHGE\YDULRXV UHVHDUFKHUV WRHYDOXDWH UHFRPPHQGHUV\VWHPV3D]]DQLDQG
%LOOVXV+HUORFNHU,QWKLVUHVHDUFKZHXVHWKLVPHDVXUHIRUHYDOXDWLRQ6LQFHLQFUHDVLQJWKHVL]H
RIWKHUHFRPPHQGDWLRQVHWOHDGVWRDQLQFUHDVHLQUHFDOOEXWDWWKHVDPHWLPHDGHFUHDVHLQSUHFLVLRQZHFDQ
XVH)PHDVXUH6KLKDQG/LX
3DUDPHWHUVVHWWLQJ
7KHRSWLPDOYDOXHVRIFURVVRYHUDQGPXWDWLRQSUREDELOLWLHVDUHSUREOHPVSHFLILFWKDWRIWHQLVREWDLQHGE\WULDO
DQGHUURU7KHUHIRUH$FFRUGLQJWRRXUH[SHULPHQWVRQWKHLPSDFWVRIYDULRXVFRPELQDWLRQVRI SF DQG SP 
ZHVHW =SF DQG =SP 
)LJ  VKRZV WKH SHUIRUPDQFH UHVXOWV IRU RSWLPDO YDOXHV RI =SF DQG =SP IRU LPSOLFLW DWWULEXWH
EDVHG UHFRPPHQGDWLRQE\ YDU\LQJ WKH QXPEHU RI JHQHUDWLRQV DQGSRSXODWLRQ VL]H )LJ  LQGLFDWHV WKDW WKH
SHUIRUPDQFH LV JUDGXDOO\ LPSURYHG JHQHUDWLRQ E\ JHQHUDWLRQ +RZHYHU WKH LPSURYHPHQW EHFRPHV
LQVLJQLILFDQWZKHQ WKHQXPEHURIJHQHUDWLRQV LVJUHDWHU WKDQ$VH[SHFWHG WKHSHUIRUPDQFH LPSURYHVDV
WKHSRSXODWLRQVL]HLQFUHDVHVEXWLWUHDFKHVDVDWXUDWLRQSRLQWDW =36 DQGDQ\IXUWKHULQFUHPHQWGRHVQRW
LPSURYHUHVXOWVYHU\PXFK7KHUHIRUHZHFDQIL[WKHSRSXODWLRQVL]HWR


0HWDGDWDIRU$UFKLWHFWXUDO&RQWHQWVLQ(XURSH
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E
)LJ3HUIRUPDQFHUHVXOWVRILPSOLFLWDWWULEXWHEDVHGUHFRPPHQGDWLRQYVDJHQHUDWLRQQXPEHUESRSXODWLRQVL]H
2QHRI WKHRWKHUSDUDPHWHUVIRUWKHLPSOLFLWDWWULEXWHEDVHGUHFRPPHQGDWLRQLVQXPEHURIDWWULEXWHV.)LJ
D VKRZV WKH UHVXOWV REWDLQHG IRU WKH SURSRVHG PRGHO ZLWK GLIIHUHQW QXPEHU RI DWWULEXWHV ZKHUH WKH
PLQLPXPQXPEHURIUDWLQJUHTXLUHGIRUWHVWOHDUQHUV0ZDVDQGWKHQXPEHURIOHDUQHU1ZDV,WFDQ
EHVHHQWKDWWKHSHUIRUPDQFHLPSURYHVVWHDGLO\ZLWKWKHQXPEHURIDWWULEXWHVLQFUHDVLQJEXWQRWYHU\PXFK

DE
)LJD3HUIRUPDQFHRIWKHPHWKRGZLWKUHVSHFWRI.E&RPSDULVRQRIWKHPHWKRGDQG&)EDVHGRQQXPEHURIUHFRPPHQGDWLRQ
3HUIRUPDQFHFRPSDULVRQ
,QH[SHULPHQWVHDFKGDWDVHWLVRUGHUHGE\OHDUQHUV¶DFFHVVWLPHVWDPSDQGWKHQLVGLYLGHGLQWRDWUDLQLQJVHW
DQGDWHVWVHW7KHDOJRULWKPLVWKHQWUDLQHGRQWKHWUDLQLQJVHWDQGWRS1OHDUQLQJPDWHULDOVDUHSUHGLFWHGIURP
WKDWOHDUQHUV¶WHVWVHW7RHYDOXDWHWKHVHQVLWLYLW\RIGLIIHUHQWUHFRPPHQGDWLRQQXPEHUVZHFRPSDUHSURSRVHG
DSSURDFKDQGFROODERUDWLYHILOWHULQJEDVHGRQQXPEHURIUHFRPPHQGDWLRQIRUUHFDOODQGSUHFLVLRQPHDVXUHWKDW
LV SUHVHQWHG LQ )LJ E 1  .  DQG 0  $V H[SHFWHG ZKHQ WKH QXPEHU RI UHFRPPHQGDWLRQV
LQFUHDVHV WKH SUHFLVLRQ GURSV VPRRWKO\ EXW WKH UHFDOO LPSURYHV JUDGXDOO\ 7KH UHVXOWV GHPRQVWUDWH WKH
HIIHFWLYHQHVVRIWKHSURSRVHGDSSURDFK
7DEOH$FRPSDULVRQRISUHGLFWLRQDFFXUDF\RIYDULRXVPHWKRGV




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7DEOH  SUHVHQWV WKH H[SHULPHQWDO UHVXOWV REWDLQHG E\ WKH SURSRVHGPHWKRG WKHPHPRU\EDVHGPHWKRG
*DXVVLDQS/6$PL[WXUHPHWKRG+RIPDQQDQGUHVXOWVSXEOLVKHGLQ%UHHVHHWDO6LQFHWKHGDWD
VHWZLOO LQIOXHQFHWKHUHVXOWVRI&)DOJRULWKPFRPSDULQJRIGLIIHUHQWDOJRULWKPVLVGLIILFXOW)RU WKHPL[WXUH
S/6$ UHVXOWV DUH FKRVHQ WKH EHVW UHVXOWV LQ+RIPDQQ  7KH UHVXOWV RI OHDUQHUEDVHG DQG SURSRVHG
PHWKRGREWDLQHG IURP WKH VDPHGDWD VHW&RPSDULVRQVZHUH SURGXFHG IRU1  OHDUQHUVZLWK WKH DYHUDJH
QXPEHURIUDWLQJVDERXWDQG0 $VFDQEHVHHQWKHSURSRVHGPXOWLDWWULEXWHEDVHGPHWKRGKDVEHWWHU
SUHGLFWLRQDFFXUDF\RIWKHPHPRU\EDVHGPL[WXUHS/6$PHWKRGDQGRWKHUPHWKRGVLQWHUPVRI0$(
&RQFOXVLRQV
7KLVSDSHUSUHVHQWVDQRYHOSHUVRQDOL]HGUHFRPPHQGHUV\VWHPWKDWXWLOL]HVLPSOLFLWDWWULEXWHVRIPDWHULDOVWR
DGGUHVV WKH GUDZEDFN RI H[LVWLQJ UHFRPPHQGDWLRQ PRGHOV ,Q WKLV ZRUN *$V LV XVHG IRU DWWULEXWH ZHLJKW
RSWLPL]DWLRQ WR VROYH VSDUVLW\ SUREOHP7KH H[SHULPHQW UHVXOWV VKRZ WKDW WKH SURSRVHG DSSURDFK SHUIRUPV
EHWWHU WKDQ WUDGLWLRQDO FROODERUDWLYH ILOWHULQJ 7KH PDLQ FRQWULEXWLRQ DUH LPSURYLQJ WKH TXDOLW\ RI
UHFRPPHQGDWLRQVDQGDGGUHVVLQJVSDUVLW\SUREOHPE\FRQVLGHULQJRILPSOLFLWDWWULEXWHVIRUUHFRPPHQGDWLRQ
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